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Forced Vibrations of Functionally Graded Plates
in the Three-Dimensional Setting
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and
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University of Bologna, 40136 Bologna, Italy

The approach by Siu and Bert and by Leissa that was originally developed for isotropic plates is extended
to the problem of forced damped vibrations of functionally graded simply supported rectangular plates in the
three-dimensional setting. Contrary to classical normal mode analysis, in this study the forced-vibration response
is determined without prior solving the free-vibration problem. The solution is obtained by the Rayleigh—Ritz
method, extended to include the damping term and the work done by the external excitation. Numerical results are
presented for a two-phase graded material with a power law variation of the volume fraction of the constituents
through the thickness. As a byproduct, the natural frequencies and the static solution are also determined. The
dynamic response as well as exact natural frequencies of homogeneous plate are used to assess the accuracy of the
present formulation. A parametric study with respect to varying volume fraction of the constituents and thickness
ratio is conducted. The analysis is applied to predict the dynamic response of a functionally graded plate subjected

to a harmonically exciting force on its top surface.

Nomenclature

a,b,h = plate dimensions

c = equivalent viscous damping of the functionally
graded material (FGM) plate

Cel = critical damping

ci, ¢ = damping coefficients of the ceramic and metal

D = dissipation functional

E = modulus of elasticity of the FGM plate

E\, E, = moduli of elasticity of the ceramic and metal

F,, F,, F, = boundary functions

N = power law exponent

P = arbitrary material property

P;(x) = sth Chebyshev polynomial

Py, P, = arbitrary material properties of the ceramic and
metal

q = harmonically exciting force

qo = transverse uniform load

T = Kkinetic energy

u,v,w = displacement amplitudes in x, y, z directions

1% = strain energy

Vi, Vs = volume fractions of the ceramic and metal

w = work done by external forces

y = frequency ratio

81 = damping ratio

v = Poisson’s ratio of the FGM plate

Vi, Uy = Poisson’s ratios of the ceramic and metal

P = mass density of the FGM plate

01, P2 = mass densities of the ceramic and metal
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w = forcing frequency

@ (x) = weight function of Chebyshev polynomials
Subscripts

1,2 = ceramic, metallic constituents

Introduction

HE demand for improved structural efficiency in space struc-
tures has resulted in development of a new class of materials,
called functionally graded materials'~* (FGMs). The continuous
change in the material properties, for example, in the modulus of
elasticity, from one surface of the material to the other surface, distin-
guishes FGMs from conventional composite materials. A common
structural element for such applications is the simply supported rect-
angular plate, for which several recent studies on statics, buckling,
and free vibrations have been performed. The nonlinear dynamic
analysis of plates made of functionally graded materials, under ther-
mal and mechanical loading, was studied by Praveen and Reddy*
using a shear deformable finite element developed within the von
Kédrmén plate theory. Reddy’s higher-order plate theory has been
employed by Cheng and Batra® to seek the exact correspondence
between the eigenvalues of membranes and those of FGM plates
subjected to uniform in-plane loads. Reddy® developed a finite ele-
ment model based on the third-order shear deformation plate theory
for the nonlinear static and dynamic analyses of through-thickness
functionally graded plates. Ng et al.” studied the dynamic stability of
FGM simply supported rectangular plates under static and periodic
in-plane loadings. Yang and Shen® analyzed the free and forced vi-
bration for initially stressed functionally graded rectangular plates
in thermal environment. Vibration characteristics of functionally
graded shells were studied by Pradhan et al.® and Yang and Shen'°
using Love’s theory and Reddy’s higher-order shear deformation
shell theory, respectively. A semi-analytical method based on dif-
ferential quadrature technique was proposed by Yang et al.'' and by
Kitipornchai et al.'? to solve the problem of large-amplitude vibra-
tions of FGM laminated plates with two clamped edges and with ge-
ometric imperfections, respectively. Recently, Vel and Batra'? pre-
sented a three-dimensional solution for free and forced vibrations
of simply supported functionally graded plates by employing the
power series method, without considering damping.
It must be stressed that it is important to be able to predict the dy-
namic response including the effects of damping. To the best of our
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knowledge, no detailed solutions have been published on vibrations
of functionally graded simply supported rectangular plates, which
include damping.

The present analysis represents an extension of the works by
Siu and Bert,'* Leissa, '3~!7 and Elishakoff et al.'® to simply sup-
ported FGM plates in the three-dimensional setting. The classical
method for analyzing the forced vibrations of structural elements is
to express the displacements as superposition of the free-vibration
modes. This is only possible for those relatively few problems where
the exact eigenfunction solutions exist. According to Leissa, “mode
shapes usually are not known with sufficient accuracy to give mean-
ingful results for stresses.” On the other hand, the Ritz method is
widely used to obtain approximate solutions for free undamped vi-
bration problems. The present paper demonstrates how the same
method can be generalized to analyze forced vibrations of a rect-
angular functionally graded plate with damping. This is done di-
rectly without requiring the free-vibration eigenfunctions. Appro-
priate functionals representing the forcing and damping terms are
discussed.

In this study, a ceramic-metal graded plate with a power-law vari-
ation of the volume fraction of the constituents in the thickness
direction is considered. Chebyshev polynomials multiplied by ap-
propriate boundary functions, such that they satisfy the boundary
conditions, are assumed as admissible functions to represent the dis-
placement amplitudes. Numerical results are obtained for different
values of the power-law exponent and thickness-side ratio.

Statement of the Problem

A rectangular plate made of a two-phase functionally graded
material is considered. The middle plane of the plate is taken as
reference plane, and the origin of the Cartesian coordinate system
(0; x, y, z) is the geometric center of this plane. For simplicity, the
nondimensional coordinate system (O; &, n, ¢) is introduced:

§=2x/a, n=2y/b, ¢=2z/h (D

where a, b, and / are the plate length, the plate width, and the
uniform thickness, respectively.

It is assumed that the FGM is made of a mixture of a ceramic
(material 1) and a metallic (material 2) component. The arbitrary
material property, denoted as P, of the functionally graded plate is
assumed to vary smoothly through the thickness of the plate, as a
function of the volume fractions and properties of the constituent
materials. This property can be expressed as a linear combination

P@)=PVi+ PRV, 2
where Py, V| and P,, V; are the corresponding material properties
and volume fractions of the ceramic and metal, respectively. The

volume fractions of all of the constituent materials should add up to
unity:

Vi+Vo=1 3)

For a plate with the reference surface at its middle surface, the vol-
ume fraction can be written as

vi=(c/2+4)",

where N is the power-law exponent, which takes positive, but not
necessarily integer, values. In Fig. 1 the geometry and mechanical

Vo=1-(¢/2+4)" @)

z,¢ ¥

metal
(z=-h/2)

ceramic
(z=h/2)

characteristics of the FGM plate are represented. This power-law as-
sumption reflects a simple rule of mixtures used to obtain the effec-
tive properties of the FGM.* The material properties along the thick-
ness of the plate, such as Young’s modulus £, Poisson’s ratio v, and
mass density p can be determined according to Egs. (2-4), yielding

E@)=(E\—E)Vi+Ey=+ E1E:Eqn($) (©)
V(&) = (vi —v)Vi+v2 = /vivavem(d) (6)
(&)= (p1 — p)V1 + p2 =/ P10205m({) (7

where Efgn (£), Vigm (), and pgem(¢) are given as follows:

Egn(¢) = (VE1/E2s—/E2/E1)Vi 4+ E2/E, ®)
Viem (£) = (y/1/v2 = /v2/v1) Vi + /12 /vy ©)
pien(@) = (v/P1/02 =~/ 2/ 1) Vi ++/ 2/ 1 (10)

It is worth noting that subscripts 1 and 2 in the material proper-
ties (E, v, and p) stand for the corresponding properties of the ce-
ramic and metallic constituents. Moreover, mechanical properties,
Eqgs. (5-7), vary through the thickness of the FGM plate in accor-
dance with a nonsymmetric power law, so that the reference plane
is not a plane of symmetry for the plate.

In the present study, it is assumed that the damping is internal; this
damping is postulated to be representable as an equivalent viscous
damping with ¢y, ¢, denoting the associated damping coefficients
to the ceramic and metallic constituents, respectively. In particular,
the local effective damping ¢ at a given point of the plate is assumed
to vary according to the power-law distribution following Eq. (4):

c@)=(1—c)Vi+c2 (11
The hypothesis of proportional damping is adopted hereinafter:
c1/ca=p1/p2

This assumption appears not to be restrictive; it corresponds to one
of the possible realizations of the proportional damping in the multi-
degrees-of-freedom vibrational system. From this assumption, the
following simplified power-law distribution for the damping coef-
ficient is obtained:

(&) =+/c1¢208m(8) (12)
in which pg,m(¢) is indicated in Eq. (10).

Method of Analysis

Let u(§,n,¢,0), v(&, n, ¢, 1), and w(&, n, ¢, 1) denote the dis-
placement components in the &, 5, and ¢ directions, respectively.
The linear elastic strain energy for a three-dimensional solid is

abh ' ' E {— 1
V=— , -
16 /ﬂ [1 ,/,1 1+v|1=2v (8.\'.\'+8”+8h)

2v

+ m (8”‘8}’}' + Exx€zr t+ EyyE:z

1
+ (e +el, +e§:)} de dndz (13)

2

P,

Fig. 1 Geometry and mechanical properties of the FGM plate.
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where &,, &yy, &, &x:, &y, and &,. are the strain components. We

suppose that the modulus of elasticity £ and the Poisson’s ratio v

are functions of the coordinate ¢, Egs. (5) and (6), respectively.
The kinetic energy of the plate during the vibratory motion is

abh/ //' )
T=— () @* + 97 +w?) d& dndg (14)

where the dot denotes differentiation with respect to time ¢ and p(¢)
is given in Eq. (7).

A dissipation functional D, introduced by Siu and Bert'* and
Leissa '>16 and Leissa and Young!'’ (see also Elishakoff et al.'®), is
here extended for a three-dimensional solid:

“bh///c(;)(uu+uu+ww)dgdnd; (15)

where ¢(¢) is the viscous damping coefficient having the expression
in Eq. (12). We consider a functionally graded plate subjected to a
transverse harmonic force applied on the top surface,

q&,n,1)=Q0(&,n) cos(wr) (16)

where w is the frequency of the exciting force. For sake of sim-
plicity, in the right-hand side of Eq. (16) the expression cos(wt) is
replaced by e'®’, where i = (—1)'/2. With this substitution, the mod-
ified governing equation yields a complex value of expression for
the displacements; the real part of the final expression constitutes
the sought solution. The work done by the exciting force is

PR
W:aj/ / g€, n,Hw(, n, 1,1)dsdn (17)
S

where w(€, n, 1, t) is the transverse displacement evaluated at the
upper surface, { = 1.

To apply the Ritz method, we assume that the displacement com-
ponents have the following expressions:

u€,n, ¢,0)=UEn,0)e, v m, 6=V (E n, e
w0, &, =W(E n, o) 18

where U (§,n,¢),V(€,n,¢),and W (&, n, ) are expressed in terms
of a series of Chebyshev polynomials in the following form:

UE 0, ) =FuEn) ZZZC,,kP &) P; () Pu(2)

L M N
VEMO=FEm Y D Y Ch,PE P Pi©)
1 m

P 0
WEnO=F,EmY Y Zc;;, P, ()P, (P, (¢)  (19)
P q r

In Eq. (19) the generic function Py(yx) is the one-dimensional sth
Chebyshev polynomial; C%, C},,, C . are complex unknown co-
efficients to be determined; "and F,, F,, F, are appropriate boundary
functions.

In general, in the representation of the displacement components
Eq. (19), the number of terms in the &, 5, and ¢ directions can
be different. In practice, the same number of terms, indicated with
Ng, Ny, and N, in the &, 1, and ¢ directions, are considered (i.e.,
I=L=P=N;,J=M=Q=N,,and K=N=R=N,).

The admissible function is selected to be the one-dimensional sth
Chebyshev polynomial, which can be constructed according to the
following recurrence relation':

Py 1 () =2xPs(x) — Ps—1(x)

s=1,2,..., and x=§&,1,¢

where Py (x) =1, P,(x) = x,etc. Itisknown'® that Chebyshev poly-
nomials constitute an orthogonal polynomial sequence with respect
to the weight function @ (x) = (1 — x*)~"/2 on the interval [—1, 1].

In numerical approximation, Chebyshev polynomials have shown
high accuracy and better stability?® compared with other polynomial
series.

In this study a simply supported plate is considered. The boundary
conditions are specified as follows:

E=+1
n==1

v=0, w=0, o, =0 at
u=0, w=0, o,=0 at
To satisfy the preceding edge conditions according to the Ritz for-

mulation, F,, F,, and F,, in Eq. (19) can be expressed as a product
of two one-dimensional functions in the £ and » directions:

FsEm=fEfa)  with  S=u,v,w
where £, (§) and f(n) are given as follows:
fE=1, [l =1-¢, [ =1-¢
fim=1-n*,  fim=1,  fim=1-7y
Solution Methodology

Leissa and Young!” generalized the functional 7y, — Vinax used
in free, undamped vibration analysis by minimizing the following
functional

Hmax = (ﬁnax - Dmax) - (Vmax - Wmax) (20)

where the terms on the right-hand side of Eq. (20) are the maximum
values of the functionals already given by Eqs. (13), (14), (15), and
(17), obtained from Eqs. (18) and (19) setting |e*“'| = 1. Thus, the
expressions of the functionals in Eq. (20) result in

bh
x_a vmm///l)rgm(f)

x (U? +VI+W?)dé dpdg 21
Diax = lwvcltzf / / Pigm($)
X(U2+V +W?) dé dnd (22)

bh Efgm(;)[l _V(C)]
wrs [ [ ]

+v(OI - 2V(C)]
NICAYRA LA
a& b2\ 9n

@ ('

h?\ ¢
200) [adU 0V adU oW ooV ow
1—=v(¢)

b 0t 9y | h 0€ oC ' hb on oC

1-2u(¢) |:a2(8U>2 a2<aU)2 (av)2
=212 (EZ) () + (=
TEI AT n2\ ac 9E

() () 2asuay
h2\ ac A an b on 0§
2a 0U W 24 dV oW
7¥¥+ Wb 9T o1 ]}dgd de (23)
abh
Winax = —— / / QE, MW (E,n, 1) dédn (24)

The Ritz method requires I« in Eq. (20) to attain minimum, so
that

aIdex aI—Im\x 81—Imix
:O, :O7
aC acy ocy

ijk Imn pqr

=0 (25)
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which lead to the following governing equation:

RC = (a*/2)Q (26)
where
(ol 0
c=|c|, 0=10 7N
CU) QZ
R=./E\E,K + ( la) w ) 0102M (28)
Vv o 2/
with
Kuu Kuv Kuw Mu“ 0 0
K= |Kl K, K./, M=| 0 M, O
K' K' K, 0 0 My,

29

In Egs. (26-29), C and Q are column vectors of the displacement co-
efficients and of the load of dimensions 3N N, N, x 1, respectively,
while K and M are the stiffness matrix and the mass matrix of di-
mensions 3Nz N, N, x 3NN, N, respectively. The explicit form of
the elements in the stiffness submatrices K;; with i, j =u, v, w in
Eq. (29) is given by

Ky, =D .E® F% 4 (q/p)?D® E T®

wini " ujuj kk wini ujuj’ kk

+(a/h)2DOO Tll

uiui " ujuj - kk

K= (a/b)(Dy) ES,.Sis + Do ES,, T)

uivl = ujom uivl = ujom

K., =(a/h)(D),,EL, St + D, EX, . T)

uiwp ~ujwq uiwp ~ujwq

Kw:(a/b)ZDOO Ell FOO+(a/h) DOO EOO Tll

vlvl ~vmvm " ni vlvl "~ vmvm * nit

+Dll EOO TOO

vlvl — vmvm * nin

Kvw:(a /hb)(DOO EIO S()1+DOO EO] TIO)

viwp = vmwg ¥ nr viwp = wmwq * nr

wa:(a/h)ZDOO EOO F11+(a/b) D Ell TOO

wpwp = wqwg " ri wpwp ~wqwg T rr

+ D 11 EOO TOO (30)

wpwp ~wqwq * ri

The elements in the mass submatrices M;

ij» With i, j=u, v, w in
Eq. (29) are given by

_ 1700 £00 _ 1100 i
M. = ZDM!M! Eu/u/M]‘k’ M, = Dv[ulEUmUm Mii
_ 1 7y00 00 _
M, = prwawqqu,.,. 31
where
o | L AHGIAGIENFAGIAG) "
aofo — . dg, d%.S

oo _ TP ] E[fFPm]
aofh — » dn, d)’]s

s / ' En(@—v(0) &Py (@) EPy(E)
o [1+v@I[1—2v()] dzr dge

1

Efgm(g)v({) drPa(C) dAP(-)(C)
o [T+ vOI =2v(©)]  dg” dg?

Irs _ / ' Em@) dP@) Q)
- AT+v@] A de

rs __
SUH -

d¢

dg

1
My = / Piem(8) Ps ($) Py ($) dg
1

(=i, j.k,l,m,n,pqr;0=i,j, ki, mn,p, gr)

where r, s=0, 1; subscripts «, B indicate the corresponding
displacement amplitude functions u, v, and w; and i, j, k, 1, m,
n, p,q,r are the summation indices from Eq. (19), as are i, j,
k,l,m,n, p,q,r,but they do not have necessarily the same value.
In the preceding relations, the quantities Et,, (), v(¢), and prgy (¢)
have the expressions in Egs. (6), (8), and (10), respectively.

For convenience, the arbitrary amplitude load Q (¢, n) in Eq. (16)
is represented in the general form of a double series:

0E M=) CusPul®) Ps(n) (32)
B

o

where Qs is the generic coefficientand P, (§), Pg (1) are Chebyshev
polynomials. According to Eq. (32), the element Q° of the load
vector Q in Eq. (27) reads

1
=) > 0y / PL(E) P (&) f1(&) d
o B -1

1
X / Ps(n) Py (n) £,y () dnP,(1) (33)
—1

In view of Eq. (26), to evaluate the response, the R matrix in Eq. (28)
needs to be determined numerically. From Eq. (26), aset of equations
has to be solved for the real and imaginary parts of the vector of
the complex displacement coefficients C. Making use of the relation
x +iy=Ce'¢, where C = ,/(x? + y?) and tan ¢ = y/x, because the
displacement amplitudes U, V', and W in Eq. (19) are complex, the
displacement components of Eq. (18) are expressed as follows:

u&,n, ¢, t)=U(¢,n, ()g’“” U(E n, ()et(wr o)
U(E n,¢, I)—V(S n, {)e"”’ V(s n, {)e’(‘”’ )
wE, n, ¢, )=W(E,n, {)e"’” W(§ n, {)el(a)t dw) (34)

where U s \7, W, ., ¢y, and ¢, are the amplitude responses and the
phase angles in the &, 1, and ¢ directions, respectively. The steady-
state solution corresponding to the harmonic load in Eq. (16) is given
by the real part of Eq. (34).

Results and Discussion

In the present analysis the natural frequencies are not needed to
be known. However, as a byproduct of this study, they can be deter-
mined. The location of the maximum response uniquely determines
the natural frequencies. On the other hand, it is instructive to solve
the free undamped vibration problem from the present analysis by
putting the load and the damping terms equal to zero in Eq. (26)
and in Eq. (28), respectively. By means of these simplifications, the
expression of the modified R matrix becomes

R=\/E\E;K — w}a/p1p:M

in which w, is the natural frequency.

In the following, a ceramic-metal functionally graded plate is
considered. The two constituents of the plate consist of zirco-
nia and aluminum. Young’s modulus, Poisson’s ratio, and mass
density for the zirconia are’ E; =168 GPa, v; =0.298, and
01 =5700 kg/m?, and for the aluminum are’! E,=70 GPa,
v, =0.300, and p, = 2700 kg/m?, respectively.

Free and Forced Vibrations for Homogeneous Plates

To perform verification of this study, one needs to compare the
present solution to some benchmark problems. Several papers have
been published on forced vibrations of classical plates. Siu and
Bert'# presented a general forced-vibration analysis for laminated
isotropic rectangular plates including material damping. Mindlin
plate theory and the Rayleigh—Ritz method were used in order to
obtain the solution. Forced damped vibrations of circular plates were
investigated by Leissa'® by the Rayleigh—Ritz method; Leissa and
Young'” studied forced vibrations of beams and rectangular plates.
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Elishakoff et al.'® extended the approach by Leissa by means of
Wilson trial functions for the forced-vibration problem of a can-
tilever beam.

In the paper by Laura and Duran,?” the response was calculated at
various frequencies expressed as the ratio of the excitation frequency
to the natural frequency; they also calculated static response corre-
sponding to w =0, as well as dynamic ones at w/w,; =0.3, 0.5,
and 0.8, where w,, is the first natural frequency. To be able to con-
duct a direct comparison with Laura and Duran,?? we first calculate
natural frequencies for simply supported homogeneous aluminum
square plates with thickness side ratios //a equal to 0.1 and 0.2.
The natural frequencies are compared with those available in the
literature and are listed in Table 1. A glance at the values in Table 1
(Refs. 13 and 23-29) reveals that our results are in excellent agree-
ment with the exact natural frequencies given by Srinivas et al.?*

Now we turn to the computing of the forced-vibration response.
For simplicity, we consider the amplitude load Q (&, n) of Eq. (32)
such that is uniform of intensity gy. To calculate any particular co-
efficient Qg of the series, both sides of Eq. (32) are multiplied
by Py (§) Py (n)w: (§)w, (1), where w:(§), @, (n) are the weight
functions, and integrated twice from —1 to 1:

1 pl
/ / 0(&, n) Py (§) Py (mw (§)y () d§ dn
—1J-1

1
=) 0w / Py (§) Por (§) (§) d
a B -1

1
X/ Py (1) Py (), () dny (35)
—1
Since
0E.n=q (36)
Eq. (35) becomes
1 1
qof Pa/(S)ZU;:(S)dE/ Py (), () dn
-1 —1
1
=YY 0u / P (€)Por (§): (8) d&
o B -1
1
X/ Pg(n) Pg (mw, () dn (37
-1

From the orthogonality property, the integrals in left-hand side
of Eq. (37) are different from zero, and in particular equal to =,
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only when o’ =p"=1, which means P, (§)=Pg(n)=1. As a
consequence, also o and B have to be equal unity, which means
P,(§) = Pg(n) =1. From these considerations, we obtain from
Eq. (37) that the only load coefficient Q4 different from zero is
Q11, and it is equal to go. The following simplified expression of
the component Q- of the load vector Q in Eq. (27) is derived:

1 1
40/ Pp(é)f,},(é)dé/ P,(n) fo(n)dnP,(1)
-1 -1

An equivalent critical damping c,; is expressed in terms of the first
natural frequency w,;:

Ce1 =24/P120n1
The ratio
8= \/C|C2/Cc1

is introduced, so that the expression for i/c1¢2/4/p1 02 appeared in
Eq. (28) becomes

vV ei1c2/ p1p2 =281wp

Thus, the matrix R in Eq. (28) can be rewritten in terms of these
new quantities:

R=\/E\E:K+ ),y (281 —y)/pipa’M

where y = w/w,;. From Eq. (26), the vector of the displacement co-
efficients C can be found. Substituting the elements of C in Eq. (19),
a complex value for the amplitude displacements is found. To obtain
the response, the real part of it needs to be evaluated.

In Table 2, the nondimensional transverse displacement ampli-
tude for a homogeneous square aluminum plate with thickness-side
ratio 1 /a =0.01 is compared with the results given by Laura and
Duran.?? In this case the viscous damping is not considered; the static

Table 2 Comparison of the displacement amplitudes W(0, 0, 0)
E,R3/[12(1 — u%)a“qo] for the dynamic case for a homogeneous
square aluminum plate with thickness-side ratio h/a =0.01

y =w/w,; Lauraand Duran?> Classical solution?® Present solution
0 0.004062 0.00406 0.004064
0.3 0.0045 0.004473 0.004475
0.5 0.0055 0.005448 0.00545

0.8 0.0115 0.011445 0.01146

Table 1 Comparison study of the first five frequency parameters @, = w,a?/h V/(p2/E>) for a
homogeneous aluminum square plate with 9 X 9 X 6 terms in the Ritz series

hja Method of solution wn1 Wno W3 W4 Wns

0.1 Classical theory, Leissa?? 5.9734 14.9334 14.9334 23.8934 29.8668
Classical theory, Bhat® 5.9733 14.9334 14.9334 23.8935 30.0508
Mindlin theory, Liew et al.?¢ 5.7673 13.7537 13.7537 21.0979 25.7004
Three-dimensional solution, Liew et al.2” 5.7768 13.8050 13.8050 19.4833 19.4833
Three-dimensional solution, Liew et al.28 5.7768 13.8134 13.8134 19.4833 19.4833
Three-dimensional solution, Malik and Bert?® 5.7769 13.8050 13.8050 19.4834 19.4834
Three-dimensional solution, Batra and Vel'? 5.7769 n.a.? n.a? n.a.? n.a.?
Exact solution, Srinivas et al.2* 5.7768 13.8050 13.8050 19.4859 19.4859
Present three-dimensional solution 5.7769 13.8050 13.8050 19.4833 19.4833

0.2 Classical theory, Leissa?? 5.9734 14.9334 14.9334 23.8934 29.8668
Classical theory, Bhat® 5.9733 14.9334 14.9334 23.8935 30.0508
Mindlin theory, Liew et al.?¢ 5.2742 11.5214 11.5214 16.6445 19.6550
Three-dimensional solution, Liew et al.2” 5.3037 9.7416 9.7416 11.6454 11.6454
Three-dimensional solution, Liew et al.28 5.3037 9.7416 9.7416 11.6477 11.6477
Three-dimensional solution, Malik and Bert?® 5.3036 9.7417 9.7417 11.6454 11.6454
Exact solution, Srinivas et al.>* 5.3036 9.7417 9.7417 n.a? na?
Present three-dimensional solution 5.3036 9.7417 9.7417 11.6454 11.6454

“n.a. = not available.
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displacement (y =0) and the dynamic response close to the reso-
nance condition (y =0.3, 0.5, and 0.8) are calculated. The results
for the response at the center of the plate yielded nearly identical
comparisons.

Forced Vibrations for FGM Plates

After the preceding comparison studies for free and forced vi-
brations in order to verify the present approach for homogeneous
plates, now forced vibrations of FGM square plates are investigated.

In the following, a square plate with thickness-side ratio h/a =
0.2 and four different values of the exponent N =0.2, 0.5, 1, and 2
is considered. The viscous damping is small ; =0.01 (Ref. 17).
The ratio

R, = Re[We"(“"fd’"’)]/Wsm =W*/Wy

between the real part of the dynamic response amplitude W* and the
static displacement Wy in the ¢ direction at the center of the plate
is introduced. The results obtained for R, calculated at different
values of the frequency ratio y are listed in Table 3. For comparison
purposes, also the extreme cases of homogeneous plates made of
aluminum and zirconia are considered.

As expected, the ratio R,, becomes larger as the frequency ratio
y approaches the unity. The value of R, is not always in between

Table 3 R, for a FGM square plate (h/a = 0.2) at different values
of the frequency ratio

y =w/wy) Zirconia N=02 N=05 N=1 N=2 Aluminum
0 1 1 1 1 1 1
0.8 2.8415 2.8415 2.8416 2.8423 2.8444 28416
0.95 10.4146 10.4143 10.4148 10.4187 10.4298 10.4148
1 51.9287 51.9264 51.9293 51.9509 52.0127 51.9295
1.05 9.9676  9.9670 9.9676 9.9722  9.9855 9.9677
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the two extreme values of the pure metal and pure ceramic plate.
For example, at the resonance condition the FGM plate with N =2
presents the greatest value of R,,. This can be because the homoge-
neous aluminum plate has the greatest values of both the static and
dynamic displacements at the plate center, whereas their ratio R, is
actually larger than the FGM plate with N =2.

InFig. 2, results for the nondimensional deflection in the thickness
direction of a functionally graded plate for different values of the
exponent N are plotted. The nondimensional transverse deflection
is represented in Figs. 2a—2d for the case of the static load (y =0)
and for y =0.8,0.95, and 1, respectively. It can be seen that the
response for the FGM plates presents intermediate values between
the pure metal plate and the pure ceramic plate also in the resonance
condition.

From these figures it can be pointed out that the gradients in
material properties play an important role in determining the dy-
namic response of FGM plates, both in and outside the resonance
condition.

The through-the-thickness variation of the nondimensional in-
plane displacement 100A2E,UR/(qoa’), evaluated at (£,7n)=
(1/2,1/2), for FGM plates are represented for different values of
y and N in Figs. 3-6, where U* is the real part of Ue'@ =% in
Eq. (34). The nondimensional in-plane displacement of a pure alu-
minum square plate is also represented for comparison purposes.

In Fig. 3 the behavior of the nondimensional in-plane displace-
ment for a functionally graded square plate with N = 0.2 is depicted.
The displacement is evaluated for the static case (y =0), in the
resonance condition (y = 1), and close to the resonance condition
(y =0.95). Similarly to the behavior of the transverse displacement,
the in-plane displacement is minimum when y = 0, and it becomes
larger as the ratio y approaches to unity.

In Figs. 4-6, the nondimensional in-plane displacement in the
thickness direction for functionally graded plates with N =0.5, 1,
and 2 is represented, respectively.
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Fig. 2 Nondimensional deflection 100h2E;, WX /(qya®) vs nondimensional thickness ¢ for FG and homogeneous plates (A, pure aluminum plate; [J,
N=0.2; ——, N=0.5; &, N=1; >, N=2; and O, pure ceramic plate): a) v =0, static case; b) v=0.8; ¢) v=0.95; and d) v =1, resonance condition.
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Fig. 3 Through-the-thickness variation of the nondimensional in-
plane displacement for a pure aluminum plate and a FG plate with
N =0.2 for different values of ~.
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Fig. 4 Through-the-thickness variation of the nondimensional in-
plane displacement for a pure aluminum plate and a FG plate with
N =0.5 for different values of ~.
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Fig. 5 Through-the-thickness variation of the nondimensional in-
plane displacement for a pure aluminum plate and a FG plate with
N =1 for different values of ~.
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Fig. 6 Through-the-thickness variation of the nondimensional in-
plane displacement for a pure aluminum plate and a FG plate with
N =2 for different values of ~.

It can be seen that the differences between the in-plane displace-
ment for the functionally graded plates and the homogeneous one
at the bottom and upper surfaces (¢ = £ 1) become smaller with
the increasing of the value of the exponent N. In particular, the
point where the homogeneous plate and the functionally graded
plate share the same in-plane displacement is moving towards the
bottom surface of the plate. This is expected because the more N be-
comes large the more the ceramic content is low and the functionally
graded plate approaches the case of the fully metallic plate.

Conclusions

A three-dimensional elasticity solution to the problem of forced,
damped vibrations of simply supported rectangular plates made of
a two-phase functionally graded material has been presented. The
material properties of the constituents, such as modulus of elasticity,
Poisson’s ratio, mass density and damping coefficient are assumed to
vary in the thickness direction in accordance with a power law. The
solution is obtained by a generalized Rayleigh—Ritz method, which
incorporates both the material damping and the external force. From
the present method, natural frequencies and static solutions can be
determined by setting the load and dissipation terms, and the forcing
frequency, equal to zero in the expression of the generalized energy
functional, respectively.

The results obtained for forced, damped vibration analysis of
the FGM plates are supported by appropriate comparisons with
results available in the literature for the case of simply supported
homogeneous plates. No comparisons with analytical results for
forced damped vibrations of FGM plates could be made, because
apparently they have not been available previously. Parametric stud-
ies have been performed for varying the power-law exponent and
thickness-side ratio. From the numerical results it can be seen that
when the excitation frequency is close or equal to the fundamen-
tal natural frequency the gradients in material properties play an
important role in determining the dynamic response of the FGM
plates. This means that the property gradients can be appropriately
tailored in order to control the magnitude of the dynamic response
at the resonance condition. It should be remarked that the concepts
outlined in this study are not confined to simply supported plates,
but they can be extended to other boundary conditions.

Acknowledgments

Isaac Elishakoff thanks the J. M. Rubin Foundation for par-
tial financial support. This research was conducted when Cristina
Gentilini served as a visiting scholar at the Mechanical Engineering
Department at Florida Atlantic University (FAU). The financial sup-
port of the Italian Ministry for Education, University and Research
and University of Bologna (“Progetto Marco Polo”) as well as kind
and warm hospitality by the FAU faculty and staff are gratefully
acknowledged.

References

'Koizumi, M., “FGM Activities in Japan,” Composites Part B: Engineer-
ing, Vol. 28, No. 1-2, 1997, pp. 1-4.

2Suresh, S., and Mortensen, A., Fundamentals of Functionally Graded
Materials, Inst. of Materials, London, 1998.

3Fukui, Y., “Fundamental Investigation of Functionally Gradient Mate-
rial Manufacturing System Using Centrifugal Force,” JSME International
Journal Series 111, Vol. 34, No. 1, 1991, pp. 144-148.

4Praveen, G. N., and Reddy, J. N., “Nonlinear Transient Thermoelas-
tic Analysis of Functionally Graded Ceramic-Metal Plates,” International
Journal of Solids and Structures, Vol. 35, No. 33, 1998, pp. 4457-4476.

5Cheng, Z.-Q., and Batra, R. C., “Exact Correspondence Between Eigen-
values of Membranes and Functionally Graded Simply Supported Polygonal
Plates,” Journal of Sound and Vibration, Vol. 229, No. 4, 2000, pp. 879-895.

Reddy, J. N., “Analysis of Functionally Graded Plates,” International
Journal for Numerical Method in Engineering, Vol. 47, No. 1-3, 2000,
pp. 663-684.

N ¢, T. Y., Lam, K. Y., and Liew, K. M., “Effects of FGM Materials on the
Parametric Resonance of Plate Structures,” Computer Methods in Applied
Mechanics and Engineering, Vol. 190, No. 8-10, 2000, pp. 953-962.

8Yang, J., and Shen, H. -S., “Vibration Characteristics and Transient
Response of Shear-Deformable Functionally Graded Plates in Thermal



ELISHAKOFF, GENTILINI, AND VIOLA 2007

Environments,” Journal of Sound and Vibration, Vol. 255, No. 3, 2002,
pp. 579-602.

9Pradhan, S. C., Loy, C. T., Lam, K. Y., and Reddy, J. N., “Vibration
Characteristics of Functionally Graded Cylindrical Shells Under Various
Boundary Conditions,” Applied Acoustics, Vol. 61, No. 1,2000, pp. 111-129.

IOYang, J., and Shen, H. -S., “Free Vibration and Parametric Resonance
of Shear Deformable Functionally Graded Cylindrical Panels,” Journal of
Sound and Vibration, Vol. 261, No. 5, 2003, pp. 871-893.

11Yang, J., Kitipornchai, S., and Liew, K. M., “Large Amplitude Vibration
of Thermo-Electro-Mechanically Stressed FGM Laminated Plates,” Com-
puter Methods in Applied Mechanics and Engineering, Vol. 192, No. 35-36,
2003, pp. 3861-3885.

]ZKitipornchai, S., Yang, J., and Liew, K. M., “Semi-Analytical Solution
for Non-Linear Vibration of Laminated FGM Plates with Geometric Imper-
fections,” International Journal of Solids and Structures, Vol. 41, No. 9-10,
2004, pp. 2235-2257.

13Vel, S. S., and Batra, R. C., “Three-Dimensional Exact Solution for the
Vibration of Functionally Graded Rectangular Plates,” Journal of Sound and
Vibration, Vol. 272, No. 3-5, 2004, pp. 703-730.

14Gju, C. C., and Bert, C. W., “Sinusoidal Response of Composite-
Material Plates with Material Damping,” Journal of Engineering for In-
dustry, Vol. 96, May 1974, pp. 603-610.

15[ eissa, A. W., “A Direct Method for Analyzing the Forced Vibrations
of Continuous Systems Having Damping,” Journal of Sound and Vibration,
Vol. 56, No. 3, 1978, pp. 313-324.

161 eissa, A. W., “The Analysis of Forced Vibrations of Plates Having
Damping,” Proceedings of the Ninth Southeastern Conference on Theo-
retical and Applied Mechanics, Vol. 9, Plenum Press, New York, 1978,
pp. 183-193.

7] eissa, A. W., and Young, T. H., “Extensions of the Ritz—Galerkin
Method for the Forced, Damped Vibrations of Structural Elements,” Pro-
ceedings of the Vibration Damping Workshop, Wright—Patterson AFB, OH,
1984, pp. EE1-EE22.

18Elishakoff, I., Hettema, C. D., and Wilson, E. L., “Direct Superposi-
tion of Wilson Trial Functions by Computerized Symbolic Algebra,” Acta
Mechanica, Vol. 74, 1988, pp. 69-79.

9Snyder, M. A., Chebyshev Methods in Numerical Approximation,
Prentice-Hall, Englewood Cliffs, NJ, 1966.

20Zhou, D., Cheung, Y. K., Au, F. T. K., and Lo, S. H., “Three Dimen-
sional Vibration Analysis of Thick Rectangular Plates Using Chebyshev
Polynomial and Ritz Method,” International Journal of Solids and Struc-
tures, Vol. 39, No. 26, 2002, pp. 6339-6353.

2 Touloukian, Y. S., Thermophysical Properties of High Temperature
Solid Materials, Macmillan, New York, 1967.

22 aura, P. A. A., and Duran, R., “A Note on Forced Vibrations of a
Clamped Rectangular Plate,” Journal of Sound and Vibration, Vol. 42, No. 1,
1975, pp. 129-135.

23] eissa, A. W., “The Free Vibration of Rectangular Plates,” Journal of
Sound and Vibration, Vol. 31, No. 3, 1973, pp. 257-293.

24Srinivas, S., Joga Rao, C. V., and Rao, A. K., “An Exact Analysis for
Vibration of Simple-Supported Homogeneous and Laminated Thick Rect-
angular Plates,” Journal of Sound and Vibration, Vol. 12, No. 2, 1970,
pp. 187-199.

25Bhat, R. B., “Natural Frequencies of Rectangular Plates Using Charac-
teristic Orthogonal Polynomials in Rayleigh-Ritz Method,” Journal of Sound
and Vibration, Vol. 102, No. 4, 1985, pp. 493-499.

2Liew, K. M., Hung, K. C., and Lim, M. K., “Vibration of Mindlin Plates
Using Boundary Characteristic Orthogonal Polynomials,” Journal of Sound
and Vibration, Vol. 182, No. 1, 1995, pp. 77-90.

27Liew, K. M., Hung, K. C., and Lim, M. K., “Three-Dimensional Vi-
bration of Rectangular Plates: Effects of Thickness and Edge Constraints,”
Journal of Sound and Vibration, Vol. 182, No. 5, 1995, pp. 709-727.

28Liew, K. M., and Teo, T. M., “Three-Dimensional Vibration Analysis
of Rectangular Plates Based on Differential Quadrature Method,” Journal
of Sound and Vibration, Vol. 220, No. 4, 1999, pp. 577-599.

29Malik, M., and Bert, C. W., “Three-Dimensional Elasticity Solutions
for Free Vibrations of Rectangular Plates by the Differential Quadrature
Method,” International Journal of Solids and Structures, Vol. 35, No. 3-4,
1998, pp. 299-318.

A. Messac
Associate Editor



